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The vapor-liquid, two-phase, inviscid, compressible � ow in a converging-diverging nozzle is computed by high
accuracy total-variation-diminishing and Newton–Raphson schemes. A homogeneous speed of sound de� nition
based on � ow quality and void fraction is presented, along with some gas dynamic relations. Analytical two-
phase mass-� ow expressions are also derived, and solutions are compared with those obtained from the numerical
schemes. The computationalresults of void-fraction and Mach-numberrelation obtained for the Lavalnozzle com-
pare favorably with both schemes. Equilibrium and nonequilibrium numerical results for cryogenic nitrogen � ow
are also presented. Numerical mass � ux at both choked and unchoked throat conditions agrees with experimental
data, but some discrepancy is observed in the pressure pro� les at the diffusing portion of the nozzle.

Nomenclature
A = Jacobian matrix
Ab = interfacial area density
QA = locally averaged Roe’s Jacobian
A( n ) = nozzle cross-sectionalarea
a = speed of sound
C = mixture speci� c heat constant
E = total speci� c energy
e = speci� c internal energy
F = vector tensor containing conserved � uxes
H = total enthalpy
h = enthalpy
K = new parameter used in speed of sound expression,

1 C RG X / C
Pm = mass-� ow rate
NG = bubble number density
Pt = total pressure
p = pressure
Q = column vector containing conserved variables
RG = vapor gas constant
S = control volume surface
T = local mixture temperature
T = source vector carrying the nonequilibriumtwo-phase

change model
Ts = saturation temperature of subcooled nitrogen
t = time
u = axial velocity component
X = � ow quality
a = void fraction
C = two-phase source term
c = gas-phase speci� c heat ratio
h = bubble density primitive variable, NG / q
k = quality source coef� cient
n = axial distance
q = mixture density
\ = control volume
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Subscripts

G = vapor phase
L = liquid phase
t = total quantity

Superscripts

F¤ = numerical � ux
L = � uid state at left side of the interface
R = � uid state at right side of the interface
T = transpose
a ¤ = void fraction at choked nozzle location

I. Introduction

T HE understandingof subcooled� uid � ow is of vital importance
to space propulsion, where large quantities of cryogens are

� rst stored and then supplied to the combustion chamber by high-
performanceturbomachinerycomponents.In that context the rocket
turbopump-inducerperformancehasbeenthe focusformanyyears,1

but the associated two-phase � uid dynamics is still not very well
understood.Tests show that the void fraction a and the � ow quality
X are important factors in the inducer performance.2 A thorough
evaluation of equilibrium and nonequilibriummodels as applied to
choked � ow is presented in a recent review paper3; however, very
little researchspeci� cally addressesthe cryogenicrangeof a choked
nozzle.

Although two-� uid or separated � ow models exist,4 a simpler
homogeneous mixture � ow model is used in this paper to test
fully the suitability and the applicability range of a newly derived
speed-of-sound expression based exclusively on the � ow quality,
void-fraction, liquid-vapor mixture density and pressure. If the
velocity ratio between the two phases is close to unity, the use
of this homogeneous model is a good approximation. The Laval
nozzle is solved with two different algorithms. The � rst scheme
is a second-order-accurate Newton–Raphson linearization algo-
rithm, which solves the quasi-one-dimensional steady two-phase
Euler equations.5 The second scheme is a third-order-accurate to-
tal variation diminishing (TVD) Euler scheme using the approxi-
mate Riemann solution of Roe (see Refs. 6 and 7). The numerical
� ow results are compared with experimental mass � ux and pres-
sure data of Simoneau and Hendricks.8 A widespread use of up-
wind schemes for high-speed compressible gas � ow with shock
waves leads to their application in the simulation of two-phase
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� ows. Recently, for instance, an approximate linearized Riemann
solver for a two-� uid model has been discussed.9 But the study in
such directions seems to be not fully developed yet. The present
attempt of TVD coding for the simpler homogeneous model gives
a straightforwarddemonstration of the scheme applicability.

II. Formulation and Discretization
A. Governing Equations for Newton–Raphson Scheme

The assumption is made that the � ow through a convergent-
divergent nozzle of high length-to-diameter ratio is steady, invis-
cid, and quasi-one-dimensional. The governing mass and energy
equations are written in algebraic form, respectively:

Pm D q u A D const (1)

h t D (1 C RG X/ C a )CT C 1
2
u2 D const (2)

The local vapor-liquid mixture speci� c heat constant C is de� ned
as C D XCG C (1 ¡ X )CL , where CG and CL are the speci� c heat
for pure vapor and liquid phases, respectively. The latter values
are based on the saturation pressure of nitrogen and have been kept
constant.The thermal equationof state, the caloricequationof state,
the void fraction a , and the � ow quality X are given respectivelyas

p D (X/ a ) q RG T (3)

E D e C u2/ 2 D XCG T C (1 ¡ X)CL T C u2/ 2 (4)

a D 1 ¡ (1 ¡ X )( q / q L ) (5)

X D a ( q G / q ) (6)

The liquid phase density q L is kept constant. The differential equa-
tions that are solved through the Newton–Raphson algorithm are
the quality and the axial momentum equations

d
d n

[X q u A( n )] D C A( n ) (7)

d

d n
[( p C q u2) A( n )] D p

dA

d n
(8)

The source term coef� cient C in the quality equation represents the
liquid-vapor nonequilibrium phase-change model of Dobran10 for
the discharge of high-pressuresubcooled liquid through a pipe into
ambient pressure:

C D C e ¡ C c

C e D
k Ab q L (1 ¡ a ) a RG Ts[(T ¡ Ts)/ Ts ]I T ¸ Ts

0I T < Ts

(9)

C c D
k Ab q G (1 ¡ a ) a RG Ts[(Ts ¡ T )/ Ts]I T < Ts

0I T ¸ Ts

k is a parameter controlling the level of evaporation and condensa-
tion. For very slow rates of phase change, Dobran suggests a value
much less than unity. Ab is the interfacial area density de� ned as

Ab D
a

2
3 (4p NG / 3)

1
3 I a · 0.5

(1 ¡ a )
2
3 (4 p NG / 3)

1
3 I a > 0.5

(10)

First, all of the algebraic equations (1–6) are Newton-linearized.
Namely, the incremental changes du, dp, dT , d a are expressed as
linear expressions of the � ow quality changes dX and the density
change d q . Therefore, quality X and mixture density q become the
main dependent variables of the scheme. Second, the set of differ-
ential equations (7) and (8) is also linearized. As a � nal step, the
implicit Newton–Raphson method solves for the quality dX and

density d q changes belonging to the whole domain by inverting a
banded large sparse matrix at each iteration. Details of the upwind-
ing and discretizationprocedure are detailed in an earlier work.5

B. Governing Equations for TVD Scheme

The quasi-one-dimensional time-dependent � nite volume Euler
equation is expressed in conservative form as follows:

¶
¶ t

[A( n )Q] C
¶
¶ n

(F) D T (11)

where the column vector Q contains the conserved variables, the
vector F contains the conserved � uxes, and T is the source vector
carryingthenonequilibriumand quasi-one-dimensional approxima-
tions. That is,

Q D [q , X q , NG , q u, q E]T (12)

F D A( n ) q u, X q u, NG u, ( p C q u2), ( p C q E)u
T

(13)

T D 0, C A( n ), 0, p
dA( n )

d n
, 0

T

(14)

C. Discretization of the TVD Scheme and Boundary Conditions

The space discretizationof the TVD scheme is based on a charac-
teristic decompositionof the � ux difference.The expansion shocks
are removed by use of the entropy � x of Harten and Hyman (Ref.
7). Roe’s approximate Riemann formulation is used for the space
discretizationalong with � rst-order time stepping, as follows:

A( n ) Qn C 1
i ¡ Qn

i D ¡
D t

D x
F¤

i C 1
2

¡ F¤
i ¡ 1

2
C D t (Tn)

(15)
F¤

i C 1
2

D 1
2 (Fi C 1 C Fi ) ¡ j QAji C 1

2
Qn

i C 1 ¡ Qn
i

Where QAi C 1/ 2 is the local averaged Jacobian, which has the same
form of A D ¶ F/ ¶ Q. Within QAi C 1/ 2 the primitive variables
q , X , h D (NG / q ), u, H D E C p/ q are replaced by their respec-
tive density-weightedaverage11 values calculated from the left and
the right sides of the interface:

Qq D q R q L (16)

QX D
X R q R C X L q L

q R C q L
(17)

Qh D
h R q R C h L q L

q R C q L
(18)

Qu D
u R q R C uL q L

q R C q L
(19)

QH D
H R q R C H L q L

q R C q L
(20)

A D

A( n )

2

6666666664

0 0 0 1 0

¡Xu u 0 X 0

¡ h u 0 u h 0

¡u2 ¡
¶ p

¶ q

¶ p

¶ X q
0

¶ p

¶ q u
C 2u

¶ p

¶ q E

¡
¶ p

¶ q
u ¡ Hu

¶ p

¶ X q
u 0

¶ p

¶ q u
u C H 1 C

¶ p

¶ q E
u

3

7777777775

(21)
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The correspondingeigenvalues are

k 1 D u C a, k 2,3,4 D u, k 5 D u ¡ a

where a is the two-phase speed of sound derived in the following
paragraph, Eq. (23). Second-and third-order-accurate spatial ap-
proximations are obtained by correcting the � ux F¤

i C 1/ 2using the
MUSCL approach.7 Furthermore, to achieve a TVD formulation,
the gradients of the variables are limited using the Van–Albada dif-
ferential limiter.

At the nozzle inlet, total pressure, saturation pressure, total tem-
perature, void fraction, and bubble density NG are input. Exit pres-
sure is also speci� ed. Flow quality, vapor-liquid mixture density
q , temperature,Mach number, and inlet velocity are determined ac-
cordingly.At the nozzleexit all conservedvariablesare extrapolated
from newly updated values at the exit of the computationaldomain.
For choked nozzles the exit pressure accommodates the location of
the shock wave.

III. Two-Phase Flow Relations
A. Two-Phase Speed of Sound

For a bubbly � uid the speed of sound at frequencies well be-
low the bubble resonant frequencycan be considerablysmaller than
that of pure liquid. In the derivation of the one-dimensional, two-
phase speed-of-sound equation, the � ow quality X is assumed to
be constant. Hence, the sound speed, which is the speed of lon-
gitudinal wave propagation in an inviscid and nonheat-conducting
medium, can be calculatedfrom the thermodynamicrelationsof the
medium12:

a2 D
p

q

dp

p

,
dq

q
s, X

D
¶ p

¶ q
T , X

C 1
q 2

¶ p

¶ T

2

q , X

T

C m

(22)

From the void-fractionde� nition, the thermal equation of state, and
the � rst law of thermodynamics,the relativechangesin pressureand
density of Eq. (22) can be evaluated under the assumption of con-
stant entropy and quality. A slightly different approach would be to
evaluate the two pressure gradients of the second expressionwithin
Eq. (22) by using the state equation (3). Either of these substitutions
yields the following compact but exact formula:

a2 D K ( p/ a q ) (23)

where K D 1 C RG X/ C is a new two-phase homogeneousparame-
ter that replacesthe speci� c heat ratio c . The speed-of-soundexpres-
sion is integrated by separation of variables for � xed � ow quality
X , allowing the following isentropic total-to-static relations to be
obtained:

Tt

T
D 1 C

K ¡ 1

2

K / a

a C K ¡ 1
M2 ,

pt

p
D

Tt

T

K / (K ¡ 1)

(24)

q t D (1 ¡ X )
1
q L

C 1
q

¡ (1 ¡ X )
1
q L

Tt

T

1/ (K ¡ 1) ¡1

The applicability of these isentropic analytic relations within the
broad range of two-phase � ow is very limited. If any interfacial
transfer occurs, they are no longer valid. The temperature and ve-
locityused in the homogeneousmodel must be argued in the average
sense where instantaneous interchangesbetween gas and liquid do
not violate the supposition of an adiabatic change of their uniform
mixture. The similarity of these exact two-phase gas dynamic rela-
tions with their single-phasecounterpartsis apparent. Indeed,as the
� ow quality X and the void fraction a approach unity, the single-
phase gas dynamic relations are exactly recovered.

B. Void Fraction and Mach-Number Relations

The main purpose here is to provide an analytic expression that
can be easily used to evaluate local void fraction without having to

perform dif� cult calculationsor measurements.During the numeri-
cal runs for cryogenicquasi-one-dimensional nozzle � ow, we found
that the variationof the parameter K is relativelysmall, and the void
fraction closely follows the Mach-number pro� les. It will be ben-
e� cial to estimate the local void fraction from the local total and
static temperature measurements along with local Mach number.
Therefore, a monotonic Mach-void fraction relation is derived. By
integratingthe speed-of-soundexpressionin Eq. (23), the following
relation between pressure and density is obtained:

Pt / P D [( q t / q )( a / a t )]
K D (Tt / T )K / (K ¡ 1) (25)

Where a t is the void fractionassociatedwith the total quantities.By
using the de� nition of void fraction, the T ¡ q relation of Eq. (25),
and the total-to-static relations of Eq. (24), the analytical void-
fraction Mach-number relation is derived:

(1/ a ¤ ¡ 1)K ¡ 1

(1/ a ¡ 1)K ¡1
1 C

K ¡ 1

2

K / a ¤

a ¤ C K ¡ 1
¡ 1

¤
1

[(K ¡ 1)/ 2][(K / a )/ ( a C K ¡ 1)]
D M 2 (26)

The isentropic assumption will restrict the application range of
this equation.Therefore,Eq. (26) will only be comparedto homoge-
neous equilibrium numerical results that are upstream of the shock
location. The only parameter in this expression is the void fraction
a ¤ evaluated at the choked throat. Values of a ¤ can be directly read
from the numerical results.

C. Two-Phase Flow Mass-Flow Parameters

Mass-� ow parametersare oftenused in propulsionsystemswhere
Pm
p

Tt / A( n )Pt is treated as a variable that is exclusively dependent
on Mach number and � ow properties. In the absence of work and
heat transfer, Tt is constantwhile changes in Pt are used to evaluate
losses. Therefore, for given cross sections A( n ), Tt , and Pt , it is pos-
sible to evaluate the mass-� ow rate Pm once the local Mach numbers
M , a , and K are known. Two different mass-� ow parameters are
derived. The � rst expression, which is derived from total-to-static
relations of Eq. (24), is the homogeneous two-phase mass-� ow pa-
rameter:

Pm
p

Tt

A( n )Pt
D

K

RG X
M 1 C

K ¡ 1
2

K / a

a CK ¡ 1
M2

¡(K C 1)/ 2(K ¡ 1)

(27)
The secondexpressionis basedona two-equationmodel where each
of the vapor and liquid phases is representedby two parallel stream
tubes, each passing through its respective area AG or AL :

PmG D X Pm D q GuG AG (28)

PmL D (1 ¡ X ) Pm D q Lu L AL (29)

The liquid phase is incompressible, so that

Pt / q L D p/ q L C u2
L

.
2 (30)

The vapor phase is assumed to follow the single-phase gas dy-
namic relations from which AG is deduced. The assumption is also
made that the pressure of the liquid phase is the same as that of
the gas phase. AL is found by inserting uL and p from Eqs. (30)
and (24) into Eq. (29). Two-equation, two-phase mass-� ow param-
eter Pm

p
Tt / A( n )Pt is then deduced from the parallel liquid-vapor

streams model by taking A( n ) D AG C AL , that is,

Pm
p

Tt

A( n )Pt

¡1

D X
RG

c
M¡1 1 C

c ¡ 1

2
M 2

( c C 1)/ 2( c ¡ 1)

C (1 ¡ X )
Pt / Tt

2 q L

"
1 ¡ 1 C

c ¡ 1

2
M2

¡ c / ( c ¡ 1)
#¡ 1

2

(31)
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The two-equation model is more realistic because it allows for a
velocity slip, and, furthermore,it does not assume temperatureequi-
librium between the two phases.

IV. Results and Discussion
A. Two-Phase Analytical Results

Figure 1 shows the speed-of-soundequation (23) along with the
expressionsofNguyenandMallockgivenin Refs. 13 and14, respec-
tively. K D 1 C RG X/ C has been taken as 1.0154, correspondingto
a � ow qualityof X D 0.1. Mallock’s equation is an approximationto
Eq. (23), where K is replacedby the speci� c heat ratio c of pure gas
phase.At 1 atm Eq. (23) yieldsslightly lower speed-of-soundvalues
but still agrees well with the approximateanalytical results reported
by the aforementioned researchers. At 10.70 atm Eq. (23) agrees
best with the other analytical speed-of-sound formulas. The wide
void-fractionrange for which the speed-of-soundequationseems to
hold is also a favorable indication that the two numerical solvers,
which are intrinsically based on this speed-of-sound formula, may
also apply for a wide range of inlet void fraction.

Figure 2 illustrates the details of the Laval nozzle geometry: 150
nodes were used in the axial direction, with 35 nodes within the
throat, and 45 nodes around the probable shock location in the di-
vergent portion of the nozzle. The computational nodes were iden-
tical for the TVD and the Newton–Raphson solvers. The inlet area

Fig. 1 Cryogenic two-phase speed of sound for homogeneous vapor-liquid nitrogen mixture.

Fig. 2 Convergent-divergent nozzle geometry of Simoneau and Hendricks.8

was 8.360 cm2 , the exit area was 3.896 cm2, and a throat area was
0.09926 cm2.

In Fig. 3, the analyticalequation(26) and numericalvoid-fraction
Mach-number relations are compared for three inlet void fractions:
0.1, 0.5, 0.8. Both numerical and analytical curves exhibit a mono-
tonic pattern between void fraction and Mach number. The throat
void number a ¤ can be read directly from the numerical solution
plotted in the same � gure, from the location where Mach number
reaches unity. Hence, by using Eq. (26), a preliminary estimate of
the void fractioncan be achieved if the localMach number and inlet
void fraction are given.

Figure 4 shows the variation in homogeneous mass-� ow param-
eter vs Mach number. The top curve corresponds to an inlet void
fraction of 0.1, and the bottom curve to an inlet void fraction of
0.99. The choked Mach number is closer to unity for low inlet void
fractions. For the higher inlet void fractions, the maximum mass-
� ow parameter occurs at a Mach number larger than unity. This
discrepancy is caused by the parameter K , which is too low when
compared to c . In the limit of the highest void fraction, the peaked
Mach number again shifts close to unity because the � ow condition
becomes almost only gas phase.

Figure 5 shows the analyticaltwo-equation,two-phasemass-� ow
parameter vs Mach number. The highest mass-� ow curve corre-
sponds to the lowest inlet void fraction of 0.1. The low inlet void



AKMANDOR AND NAGASHIMA 359

Fig. 3 Analytical and numerical void-fraction Mach-number relations: Pt = 2.26 MPa.

Fig. 4 Homogeneous two-phase mass-� ow parameter: inlet Tt, 109.9 K; Pt, 2.26 MPa.

fraction causes high inlet density and consequentlyhigh mass-� ow
rates through the nozzle. As this � ow contains more liquid phase,
the Mach number at the choked throat shifts from unity to higher
values. The lowest curve corresponds to an inlet void fraction of
0.99. As the mixture is mostly in vapor phase, the choked Mach
number is unity.

B. Two-Phase Numerical Results

Figure 6 is an assessment of the grid dependency of the numer-
ical solution. Eight different runs have been investigated.For both

equilibriumand nonequilibriumruns increasing the grid node num-
ber from 150 to 200 does not affect the shock strength and shock
location. As a further evaluation of the accuracy of the numerical
solutions, the mass � ux through each node has been computed, and
their standard deviation from the throat mass � ux rate is given in
Table 1. The related experimental and numerical mass � ux is also
reported in Table 1. The difference stays always less than 0.28%.

The working � uid is subcooled liquid-vapor nitrogen. From the
numerous data series reported by Simoneau and Hendricks,8 the
experimental series 133x and 135x have been chosen because they
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Table 1 Inlet values and numerical mass � ux accuracy

Experimental Experimental Numerical Mass � ux
series Inlet Tt , Inlet Pt , Back P , Saturation mass � ux, mass � ux, standard deviation
number K MPa MPa P , MPa kg/m2/s kg/m2 /s within nodes

1331 109.1 4.71 3.60 1.39 43,700 43,700 0.00017
1332 109.4 4.65 1.77 1.42 56,500 56,410 0.00001
1333 109.9 4.63 0.54 1.46 61,600 61,430 0.00003
1351 109.9 2.26 1.62 1.46 33,400 33,420 0.00004
1353 110.9 2.25 1.22 1.51 33,300 33,240 0.00007

Fig. 5 Two-equation, two-phase mass-� ow parameter: inlet Tt, 109.9 K; Pt, 2.26 MPa.

Fig. 6 Grid dependency of the numerical solutions.
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Fig. 7 Nitrogen axial numerical and experimental pressure pro� les for inlet pressures around 4.65 MPa.

Fig. 8 Numerical equilibrium and nonequilibrium pressure pro� les for inlet pressure: 2.26 MPa.

present axial pressurepro� les over a wide range of both choked and
unchokedbackpressuredata with the closest temperature tolerance.
Also, the data series 135x is categorized as having an inlet stagna-
tion pressure close to saturation pressure (Table 1). The numerical
solutionsare obtainedfrom theTVD code and the Newton–Raphson
code, and the corresponding results are plotted together. In all re-
maining results (Figs. 7–11) the TVD solutionsagreevery well with
those of the Newton–Raphson scheme.

In Fig. 7 a set of numerical runs is presented and compared with
the corresponding axial pressure data (#133x series) of Simoneau
and Hendricks.8 This set corresponds to an inlet pressure around
4.65 MPa. The backpressureis also input and is speci� ed in Table 1
along with the correspondingsaturationpressures.The results have
been nondimensionalized with respect to the inlet total pressures
given in Table 1. The experimental pressures are also plotted. Run
#1331 is an all-subsonic � ow, and the agreement with the numer-
ical results is better than the other runs. Runs #1332 and 1333 are
choked, and the � ow is supersonic after the throat. The � ow con-
tinues to accelerate in the divergent section up to the strong normal
shock downstreamof the nozzle. Figure 7 also shows that the shock
location does move toward the exit plane as the backpressure is de-
creased from 3.60 to 1.77 MPa. In this portion of the nozzle, the
experimental data again do not agree with the numerical results.
This discrepancy must be further investigated.

Finally, Figs. 8–11 report equilibrium and nonequilibrium nu-
merical results for an inlet pressure of 2.26 MPa. No related data
are availablefor comparison.The qualityequationnow incorporates
a nonequilibrium source term k described earlier in Eq. (9). Solu-
tions with k D 0 (equilibrium) and 0.01 (nonequilibrium) are given
in these � gures.

Figure 8 illustrates the axial pressure pro� les of such runs. Al-
thoughthecharacteristicsof both two-phasecodesareverydifferent,
the agreementbetweenthemis good.The correspondingexperimen-
tal data (#1351) are also plotted. The nonequilibrium results yield
slight improvement in the agreement with the experimental plots,
but their discrepancyis still signi� cant and needs to be further stud-
ied probably on the physical ground.

The results in Figs. 9–11 illustrate the effect of the source term
coef� cient k on the � ow� eld variables, speci� cally the Mach num-
ber M , the void fraction a , and the � ow quality X . From Figs. 9
and 10 one-to-one correspondencebetween the Mach number and
the void-fraction axial pro� les can be seen. The supersonic por-
tions of the nonequilibrium Mach-number pro� les also re� ect the
effect of geometrical curvature near the throat. In contrast to the
Mach-number pro� les, the void-fractionaxial pro� les downstream
of the shock are more in� uenced by nonequilibriumphase change.
The equilibrium quality axial pro� les shown in Fig. 11 are less in-
� uenced by the strong normal shock. In the nonequilibriumcase the



362 AKMANDOR AND NAGASHIMA

Fig. 9 Numerical equilibrium and nonequilibrium Mach-number pro� les for inlet pressure: 2.26 MPa.

Fig. 10 Numerical equilibrium and nonequilibrium void fraction pro� les for inlet pressure: 2.26 MPa.

Fig. 11 Numerical equilibrium and nonequilibrium � ow quality pro� les for inlet pressure: 2.26 MPa.
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� ow quality decreases near the inlet at a rate corresponding to the
subcooled temperature, becomes almost constant until the throat,
and � nally exhibits a sharp rise caused by shock-wave formation.
Toward the exit, there is a small disagreementbetween the TVD and
the Newton–Raphson results,which probably indicates the strongly
coupled nature of the Newton–Raphson algorithm. In all cases at
the nozzle exit, the nonequilibriumMach number, � ow quality, and
void-fraction values are higher than respective equilibrium values,
showing the strong interactionof � ow expansionand phase change.

V. Conclusion
Two Euler algorithms were used for solving the homogeneous

two-phase, compressible subcooled nozzle � ow. New speed-of-
sound, total-temperature, total-pressure, and total-density expres-
sions have been de� ned. Satisfactory agreement has been obtained
with empirical speed-of-soundresults.

Except for pressure and mass � ux, very few two-phase � ow ex-
perimentaldataare availableunder cryogenicconditions.Therefore,
there is a need for solverscapableof predictingcryogenic� ow prop-
erties. The present numerical calculations, in spite of restrictions
caused by simpli� ed � ow modelling, showed some agreement with
the experimental mass � ux through a nozzle with choked and un-
choked conditions. Pressure � eld discrepancy at the rapidly diffus-
ing portion needs to be further investigatedon the physical ground.
The shock strength and location are functions of backpressure and
inlet void fraction.
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